Abstract. A bosonized-field-theory representation of spin operators in the uniform-field-induced Tomonaga-Luttinger-liquid (TLL) phase in spin-1 Haldane chains is formulated by means of the non-Abelian (Tsvelik's Majorana fermion theory) and the Abelian bosonizations and Furusaki-Zhang technique [Phys. Rev. B 60, 1175Rev. B 60, (1999]. It contains massive magnon fields as well as massless boson fields. From it, asymptotic forms of spin correlation functions in the TLL phase are completely determined. Applying the formula, we further discuss effects of perturbations (bond alternation, single-ion anisotropy terms, staggered fields, etc) for the TLL state, and the string order parameter. Throughout the paper, we often consider in some detail how the symmetry operations of the Haldane chains are translated in the low-energy effective theory.
Introduction
For (quasi) one-dimensional (1D) magnets, sophisticated theoretical tools have been developed in the last decades; for example, bosonizations [1, 2, 3] , conformal field theory (CFT) [4] , Bethe ansatz [5, 6] , and several numerical methods (exact diagonalization, density-matrix renormalization group (DMRG), quantum Monte Carlo method (QMC), etc). Thanks to them, we have obtained a deep understanding of 1D spin systems. Of course, they have succeeded in explaining a number of experimental results of quasi 1D magnets. In this paper, we try to further develop a low-energy field theory description for spin-1 antiferromagnetic (AF) chains in a uniform magnetic field, which are a fundamental model in 1D spin systems.
Before discussing spin-1 AF chains, for comparison, let us briefly review the wellestablished low-energy effective theory (so-called Abelian bosonization) for the spin-1/2 XXZ chain [7, 8] , which is one of the well-investigated and realistic models in spin systems. The Hamiltonian is defined bŷ
where S j is spin-1/2 operator on site j, J > 0 is the exchange interaction, ∆ z is the anisotropy parameter (∆ z = 1 case is the SU(2) Heisenberg chain), and H ≥ 0 is a uniform field. In a wide parameter regime including the zero-field line (1 < ∆ z ≤ 1 and H = 0) [3, 8] , the low-energy physics is governed by a one-component TomonagaLuttinger liquid (TLL) phase, where the spin correlation functions are of an algebraical decay type. For this critical phase, a beautiful field theory description has been established as follows. The low-energy effective Hamiltonian is a massless Gaussian model,Ĥ
where x = j × a 0 (a 0 is the lattice constant),φ(x) is the scalar bosonic field,θ(x) is the dual ofφ,v is equal to the massless spinon velocity of the chain (1), andK is the TLL parameter (K = 1 andK = 1/2 respectively correspond to the XY (free fermion) point ∆ z = 0 and the SU(2) Heisenberg one ∆ z = 1) [9] . In this effective theory framework, the spin operator S j is approximated [3, 7, 8, 10] as
whereM is the magnetization per site S z j , and A n and A z n are nonuniversal real constants. The magnetizationM , the velocityv, and the TLL parameter K can be determined as a function of the parameters (J, ∆ z , H), via the Bethe ansatz integral equations for the XXZ chain. If these three parameters are given, one can correctly know the asymptotic behavior of any spin correlation functions through the formula (3) . Since the accurate values of A n and A z n have recently been estimated [11, 10] , it is also possible to obtain the amplitudes of the spin correlation functions. This effective theory, especially the bosonized spin formula (3) , is very useful in analyzing not only the XXZ chain itself, but also several perturbation effects Tsvelik's Majorana fermion theory for the spin-1 AF chain without external fields. Section 3 is devoted to discussing the effective field theory for the uniform-fieldinduced TLL in spin-1 AF chains, which is based on the Majorana fermion theory. These two sections are needed as the preparation to construct a field-theory formula for spin operators in the TLL phase, although several parts of them have been already discussed in literature [1, 2, 19, 20, 40] . In Sec. 4, which is the main content of this paper, employing the contents of Secs. 2 and 3, we derive the formula of spin operators. Moreover, using it, we estimate the asymptotic forms of spin correlation functions in the TLL phase. Section 5 provides easy applications of our field-theory formula of spin operators. We consider the nonlocal string order parameter [41, 40] , effects of some perturbation terms (bond alternation, a few anisotropy terms, etc) for the TLL state, and the magnon-decay process caused by anisotropic perturbations. We summarize the results of this paper in Sec. 6. Appendices may prove useful when reading the main text.
Spin-1 AF chain without external fields
In this section, we review the non-Abelian bosonization (Tsvelik's Majorana fermion theory) method for the spin-1 Heisenberg AF chain with H = 0, especially focusing on the symmetries of the chain.
WZNW model and Majorana fermion theory
First, we define the spin-1 bilinear-biquadratic chain,
Several studies [42] reveal that the system belongs to the "Haldane phase" in the regime |β| < 1, and the points β = ±1 correspond to a quantum criticality. In the Haldane phase, the ground state is disordered (namely, all symmetries are conserved) and the lowest excitations have a finite Haldane gap on it. It is shown [16, 43, 44] that the low-energy physics of the critical point β = −1 is captured by an SU(2) level-2 Wess-Zumino-Novikov-Witten (WZNW) model [1, 2] , a model of CFT with central charge c = 3/2, plus irrelevant perturbations preserving the spin SU (2) symmetry. This WZNW model possesses a Majorana (real) fermion description, i.e., the WZNW model with c = 3/2 is equivalent to three copies of massless real fermions, each of which is regarded as a critical Ising system (a minimal model of CFT) with c = 1/2 [17, 28, 1, 2] . Using the fermion (or Ising) picture, one can represent the Hamiltonian of the WZNW model as follows:
where
is the left (right) moving field of the qth real fermion with scaling dimension ∆ s = 1/2, and v 0 is the "light" velocity of the fermions. We here normalize the fermions ξ q L(R) through the anticommutation relation {ξ
, where the delta function stands for δ x,y /α [α is a constant of O(a 0 )]. At the WZNW point β = −1, the spin operator is approximated as the following sum of the uniform and the staggered components [16, 19, 1, 2] ,
and C 0 is a nonuniversal constant. The quantity J q L(R) is equivalent to the left (right) component of the SU(2) current in the WZNW model with ∆ s = 1, and σ q (µ q ) is the qth-Ising order (disorder) field with ∆ s = 2/16.
According to Tsvelik [19, 18, 1, 2] , transferring from the WZNW point β = −1 to the Heisenberg one β = 0 corresponds to adding two SU(2)-symmetric (see the next subsection) perturbation terms, a fermion mass term and a marginally irrelevant current-current interaction, to the WZNW model (6) . Namely, he proposed that the low-energy and long-distance properties of the spin-1 Heisenberg chain (4) are govern by the effective Hamiltonian,
where we may set m > 0 and λ > 0, which guarantees the irrelevancy of the λ term. From the viewpoint of the spin-1 AF chain, fermions ξ q L,R stand for the low-lying magnon triplet around wave number p = π/a 0 , the mass parameter m corresponds to the Haldane gap, and the λ term represents the inter-magnon interaction. Renormalizing the λ interaction effect into the kinetic and the mass terms, or simply neglecting the λ term, one can determine the values of v 0 and m from the numerically-estimated magnon dispersion of the spin-1 Heisenberg chain; such a procedure provides v 0 ≈ 2.49Ja 0 and m ≈ 0.41J [45, 46] . One should interpret that the inequality m > 0 corresponds to the disordered phase in the Ising-model picture, in which µ q = 0 and σ q = 0. For the disordered phase, Ising-field correlation functions [47, 28, 19] are shown to be
at a long distance, x ≫ ξ c = v 0 /m [48] . Here, B 1 is a nonuniversal constant, and ξ c ≈ 6a 0 is the correlation length. If we assume that the field-theory formula (7) is valid even at the Heisenberg point β = 0, that formula and the result (10) lead to the following asymptotic behavior of the spin correlation functions of the spin-1 Heisenberg chain:
where we used Eqs. (B.3) and (B.4) to derive the second term, and B 2,3 are nonuniversal constants. The exponential parts in Eq. (11) are consistent with those predicted by the NLSM approach [49] , but the prefactor (∝ 1/x) of the second uniform term differs from that of the NLSM, which predicts a prefactor proportional to 1/x 2 . From the calculation of DMRG [49] , we may conclude B 2 ≈ 0.25 and B 3 ≪ B 2 .
Symmetries of the spin-1 AF Heisenberg chain
The effective Hamiltonian (9) and the field-theory expression of the spin (7) tell us how the symmetries of the spin-1 Heisenberg chain are translated in the field theory language [16, 18, 20] . Here, we consider four kinds of symmetry: the spin rotation S j → R S j (R is an SO(3) matrix), the one-site translation S j → S j+1 , the time reversal S j → − S j , and the site-parity transformation S j → S −j . Note that the link-parity symmetry is the combination of the one-site translational and site-parity symmetries.
(i) The spin rotation may be realized by
. The latter transformation in Eq. (12) could be regarded as
. If both the mass and the interaction terms are absent (i.e., the system is completely critical), the chiral SO(3)×SO(3) symmetry (independent rotations of the left and right fields) appears.
(ii) The one-site translation may correspond to
Since the fermions ξ q L,R describe the magnon excitations around wave number p = π/a 0 in the original chain (4), we should insert −1 in the first transformation of Eq. (14) . The second transformation can be realized by
where µ = t (µ 1 , µ 2 , µ 3 ). Due to this transformation, the factor (−1) j in front of the staggered component of the spin (7) changes to (−1)
j+1 . (iii) The time reversal may correspond to
The second mapping N → − N could be interpreted as
(iv) As a proper mapping of the continuous fields towards the site-parity transformation, we can propose
All the transformations (i)-(iv) leaves the effective Hamiltonian (9) invariant. In other words, the symmetries (i)-(iv) allow the existence of the mass term and the current-current interaction one.
Dirac fermion and Abelian bosonization
Besides the relationship between the WZNW model and three copies of massless real fermions, it is well known that two copies of the real fermions are equivalent to a massless Gaussian theory with TLL parameter 1 or a massless Dirac (complex) fermion, except for a few subtle aspects [4] . Namely, one can bosonize two copies of the real fermions. In this subsection, we apply such a bosonization procedure for the effective theory (9) . The results are useful in the later sections.
Let us define the following Dirac fermion,
which obey {ψ ν (x), ψ ν ′ (y)} = 0 and {ψ
. Using this, we can rewrite the bilinear (free) part of the Hamiltonian (9) as follows:
Applying the standard Abelian bosonization method (see Appendix A) to the Diracfermion partĤ[ψ], we obtain the following sine-Gordon Hamiltonian,
where Φ is the scalar field, Θ is the dual of Φ, α ∼ a 0 is the nonuniversal shortdistance cut off, the relevant cos term bears the Haldane gap, and we simply dropped the Klein factors. The fields (ξ 1 ν , ξ 2 ν ) and (σ 1,2 , µ 1,2 ) in the spin operator (7) can also be rewritten in the Dirac-fermion or the boson languages. The uniform component in Eq. (7) is
where ζ ν is the Klein factor for the fermion ψ ν , and we assumed {ζ ν , ξ 3 ν ′ } = 0. The symbol : : denotes a normal-ordered product; :
From the formula (A.6), the staggered component of the spin [50] is bosonized as
Employing Eqs. (19)- (23) and Abelian bosonization formulas (see Appendix A), let us consider how symmetry operations of the original spin-1 chain (4) are represented within the above Dirac-fermion and boson framework, as in the last subsection.
(i) Let us define the following U(1) rotation around the spin z axis,
where γ is a real number. One can easily find that this corresponds to
This transformation is nothing but the U(1) symmetry that is explicitly preserved via the Abelian bosonization procedure.
(ii) The one-site translation S j → S j+1 could be realized as
,
The second and third transformations change the staggered factor (−1) j in Eq. (7) into (−1)
j+1 . These two correspond to the first proposal in Eq. (15) . (iii) The time reversal S j → − S j could be interpreted as
The second and third mappings are equivalent to the second proposal in Eq. (17) .
(iv) The site-parity transformation S j → S −j might correspond to [51] 
3. Effective field theory for uniform-field-induced TLL in spin-1 AF chain
Based on the Majorana fermion theory explained in the last section, we consider the uniform-field effects in the spin-1 AF chain (4), especially the uniform-field-induced critical phase. From the formula (7), the Zeeman term in the chain (4) is approximated as the following fermion bilinear form,
Therefore, it is possible to nonperturbatively treat the Zeeman term, together with the free part (20) , within the field theory scheme. This is a significant advantage of the Majorana fermion theory. Take notice here that the Zeeman coupling reduces the spin SU(2) symmetry to the U(1) one around the spin z axis, and destroys the timereversal symmetry; the remaining symmetries are the U(1), the one-site translation, and the site-parity ones. The right-hand side in Eq. (29) is indeed not invariant under the time reversal and any spin rotations except for the U(1) one. Supposing the inter-magnon interaction may be negligible at the starting point, the effective Hamiltonian for the spin-1 AF chain (4) with a finite H iŝ
In order to diagonalize this Hamiltonian, and see its band structure, we introduce the Fourier transformations of fermion fields as follows:
where L = N a 0 is the system size (N : total number of site), and k (|k| < Λ :
is the ultraviolet cut off) is the wave number: a related quantity p = k + π/a 0 is interpreted as the wave number of the original lattice system (4). Since ξ
, and
Subsequently, performing the following Bogoliubov transformation,
one can finally obtain the diagonalized Hamiltonian,
where ǫ ∓ (k) = ǫ 0 (k) ± H. While three bands ǫ ±,0 (k) are degenerate at H = 0, a finite field H mixes the first and third fermions ξ (25) and (26) and the relationship between (ψ ν ,ξ 3 ν ) andη ±,0 [Eqs. (31) and (34)], one finds that the U(1) rotation along the spin z axis and the one-site translation respectively correspond tõ
. (38) If we neglect the k-dependence of U k or consider only fermion fields around k = 0, we could interpret that the site-parity transformation in Eq. (28) is realized bỹ
The Hamiltonian (36) is clearly invariant under these transformations. One has to keep in mind that the symmetry operation (39) is valid only around k = 0. As H exceeds the Haldane gap m, the band ǫ + (k) crosses the zero energy line. This just corresponds to the C-IC transition of the spin-1 AF chain (4) [22, 23, 24, 25] . Then the system enters in a critical TLL phase with the magnonη + condensed. The two remaining bands ǫ −,0 (k) are still massive and completely empty of magnons: µ 3 = 0 and σ 3 = 0 still hold. Focusing on the low-energy physics in this case of H > m, we can approximate the S z = 1 magnon fieldη + as a new Dirac fermion with a linear dispersion as in Fig. 1 . The left and right movers L(x) and R(x) of the Dirac fermion are defined as
where the Fermi wave number k F = √ H 2 − m 2 /v 0 is determined from ǫ + (k F ) = 0, and the cut off Λ ′ should be much smaller than Λ. Using the Dirac fermion, one can rewrite the effective Hamiltonian (36) in the case of H > m, in the real space, as follows:
Take notice that the linearized dispersion and the definition of L and R become less reliable as the field H becomes closer to the lower critical value m (v F → 0). Figure 1 . Spin-1 magnon band structure at H > m.
So far we have omitted the inter-magnon interaction terms in this section. They would yield interactions among L, R, ξ 3 ν and η − (see the next section). A better method of dealing with such terms is the Abelian bosonization. Through it, the Dirac-fermion part in the effective theory (41) is mapped to the following Gaussian model,Ĥ
where φ is a scalar field, θ is the dual of φ, v is the renormalized Fermi velocity, and K is the TLL parameter: although K = 1 and v = v F at the stage of Eq. (41), both parameters are subject to the renormalization due to irrelevant interaction effects neglected here. The Hamiltonian (42) just describes the low-energy physics of the TLL phase in the chain (4).
Field-theory representation of spin operators in H > m
Making use of the contents in the preceding sections, we construct a field-theory representation of spin operators in the uniform-field-induced TLL phase in the spin-1 AF chain (4).
Spin uniform component and Magnetization
First, we consider the uniform component of the spin, J = J L + J R in Eq. (7). In the low-energy limit, Eqs. (34) and (40) allow us to approximate the "old" Dirac fermion ψ ν as follows: 
The one-site translation in Eq. (26) is mapped to
The site-parity transformation in Eq. (28),
One can confirm that the Hamiltonian (41) is invariant under these transformations. Using the relation (43), we can rewrite fields ξ
in J L,R in terms of L, R, and η − . As a result, the currents J L,R are reexpressed as
It is easily found that the above J L,R are appropriately transformed for the symmetry operations (44), (25) , (45), (26), (46) and (28) . In addition, the Hermitian nature of all current operators is preserved in Eq. (47) . Even if, instead of Eq. (43), we use precise representations of continuous fields in the Fourier space such as Eqs. (31) and (40), we can finally arrive at the same expression as Eq. (47). The Fermi wave number k F is related with the uniform magnetization M = S z j . It is given by the formula (47) or the Fourier-space representation of
The result is
From the derivation process of Eq. (48), we also find that the first three terms in Eqs. (47c) and (47f) should respectively be regarded as
Utilizing the results (47) - (49), and applying the Abelian bosonization to the Dirac fermion (L, R), we can straightforwardly lead to the following partially bosonized currents J L,R :
where α ′ ∼ 1/Λ ′ is the short-distance cut off, and κ L(R) is the Klein factor for the field L(R). Therefore, the bosonized uniform components of the spin are written as
where C n and C z n are nonuniversal constants, which contain the effects of irrelevant terms neglected at the stage (41) . When the irrelevant terms are not taken into account, constants C z 0 , C z 1 , C 1 , and C 2 are respectively proportional to U + U − , U − − U + , U − , and U + . Therefore, it is inferred that C z 1 → 0 at H → m + 0. In Eqs. (50) and (51), we used the formula (A.3). If, instead of it, we use another formula (A.4), we can add more irrelevant terms to Eqs. (50) and (51) . Namely, we may perform the replacement,
whereC n is a nonuniversal constant. Equation (51) is a main result in this paper. We expect that replacing the Klein factors in Eq. (51) with a constant is admitted in most situations. (A typical situation is when one investigates asymptotic features of spin correlation functions. See Sec. 4.4.) Finally, using the results (47)- (50), let us investigate how the current-current interaction λ term modifies the parameter K of the effective theory (42) . Since the SU(2) spin-rotation symmetry is reduced to the U(1) one in the case with a finite
R , in which we assume that both λ ⊥ and λ are positive. Equations (47) and (49) lead to the following representation of the current-current interaction [52] :
where we used x + = x+ δ (δ is a small parameter of O(a 0 )), "oscillating terms" have a factor e ±inπMx/a0 (n: integer), which are irrelevant except for the case that M is close to a special commensurate value, and "others" are constructed by only massive fields (ξ 3 ν , η − ). The Hamiltonian (41) plus the above current-current interaction is regarded as a more accurate low-energy effective theory for the uniform-field-driven TLL phase. Integrating out the part of massive fields (ξ 3 ν , η − ) in the effective theory [53] , we obtain a Hamiltonian for the interacting Dirac fermion (L, R) that just corresponds to the Gaussian theory (42) . In the Gaussian theory framework, the first and second terms of Eq. (53a) directly contribute to the renormalization of the TLL parameter K and the velocity v as follows. The bosonized forms of these two terms are written as
where we used U 
for the K = 1 Gaussian theory (42) [54] . This term is inclined to make the parameter K increase, i.e., K > 1, provided that λ is the same order as λ ⊥ . The relation K > 1 is consistent with the predictions of the numerical calculation in Ref. [25] and the NLSM approach [24] . (It is shown in Ref. [25] that K is between 1.0 and 1.5 in the fieldinduced TLL state.) Besides Eq. (54), other terms in Eq. (53) also yields a correction of K and v, but it is expected that the property K > 1 is maintained. From Eq. (53), one also finds that the current-current interaction does not generate any relevant or marginal vertex operators such as cos( √ 4πφ). It means that the massless TLL phase survives even when the λ interaction is taken into account. The third normal-ordered term in Eq. (53a) provides only a small correction of the magnetization M , and can be absorbed into the Gaussian theory via φ(x) → φ(x) − const × x.
Spin staggered component
Compared with the formula (51) for the uniform component of the spin, the way of leading to a field-theory formula for the staggered component N (x) is not straightforward, because we have to express the vertex operators e ±i √ πΘ and e ±i √ πΦ in Eq. (23) in terms of another boson (φ, θ) language and the magnon η − one. To this end, we apply the discussion in Ref. [29] . First, using some results in the previous sections, let us naively speculate the relation between the "old" boson (Φ, Θ) and the "new" one (φ, θ). The expression of J 3 (x) in Eqs. (22) and (51a) indicates the following relation between Φ and φ,
Performing the integration with respect to x in Eq. (56), we obtain
where we dropped the sin term because it oscillates and then vanishes in the integration. From this, we can expect that
holds within a rough approximation. We next consider dual fields Θ and θ. The U(1) spin rotation in Eq. (44) could be realized by
in the boson language. The comparison between this and Eq. (25) implies the relation,
In order to raise the validity of speculations (58) and (60), and obtain a more appropriate relationship between e ±i √ πΦ(Θ) and (φ, θ, η − ), a standard bosonization formula,
is available. From this formula, we rewrite vertex operators e
−i √
πΦ and e
πΘ as
where D is an arbitrary constant [55] . Then, employing approximated results (58), (60) , (43) , and the bosonization formula L, R ∼ e ∓i √ 4πφL,R in the right-hand sides in Eq. (62), we can arrive at a desirable representation of e ±i √ πΦ(Θ) . This method was proposed in Ref. [29] .
Following the above idea, we obtain
where we set D = 1/2, and κ L(R) is the Klein factor of the field L(R) [56] . It is found that the naive expectations (58) and (60) are qualitatively consistent with the result (63) . From this formula, our target, the staggered component of the spin may be represented as
where D (z,′) n are nonuniversal constants, which include effects of irrelevant terms, and we naively omitted some of Klein factors ζ ν and κ ν . We used the formula L, R ∼ e ∓i √ 4πφL,R in Eqs. (63) and (64) . Instead of that, applying the formula (A.4), we can introduce more irrelevant terms in Eqs. (63) and (64) [see the replacement (52)]. For instance, we might replace cos( √ πφ − πM x/a 0 ) in Eq. (64a) with ∞ n=0D n cos (2n + 1)(
whereD n is a nonuniversal constant.
Symmetries
Through several considerations, we obtained a field-theory formula for spin operators, Eqs. (51) and (64) . Using the formula, transformations (44)- (46) and the effective Hamiltonians (41) and (42), we can consider how the symmetries of the spin-1 AF chain (4) are represented in the partially-bosonized effective theory framework.
(i) As we discussed already, a U(1) rotation around the spin z axis, S + j → e iγ S + j , could be realized by
(ii) The one-site translation S j → S j+1 may correspond to
These transformations cooperatively change the staggered factor (−1)
j+1 . (iii) The site-parity transformation S j → S −j might be regarded as [51] 
These symmetry operations might tell us which additional terms are allowed to be present in formulas (51) and (64): for example, the staggered component
an integer). These terms are properly transformed for all the symmetry operations.
If we integrate out massive fields in the partition function and replace all massivefield parts in spin operators with their expectation values, the effective Hamiltonian becomes the Gaussian model (42) and the reduced spin operators containing only massless boson fields are given by
whereC n andD n are nonuniversal constants, all the Klein factors are naively eliminated, and we used (σ
0 ) (see Appendix B). This result indicates that the compactification radius of φ and that of θ are respectively 1/ √ 4π and 1/ √ π. In this bosonized-theory framework, we could interpret that the U(1) rotation S + j → e iγ S + j , the one-site translation S j → S j+1 , and the site-parity operation S j → S −j , respectively, corresponds to ] to exist in the effective Hamiltonian [57] . Consequently, the TLL state stably remains.
One can see that the above transformations (70) are very similar to those of the effective bosonization theory for spin-1/2 AF chains (see Appendix C).
Asymptotic behavior of spin correlation functions
Applying the formulas (51) and (64), let us investigate equal-time spin correlation functions in the field-induced TLL phase. The asymptotic forms of equal-time twopoint functions of J and N are evaluated as
where A (z) and B 
where x = ja 0 ≫ ξ c , and C can also be derived by the NLSM plus GinzbrugLandau approach [23, 24] , but it is difficult to obtain all the other terms within the same approach. One can verify that the critical exponent of the incommensurate part around wave number p ∼ ±2k (72) with the spin correlators of a two-leg spin-1/2 ladder in a uniform field in Ref. [29] would be instructive (although our calculations in Eqs. (71) and (72) are rougher than those in Ref. [29] ). Besides Eq. (72), using the formulas (51) and (64) , one can calculate various physical quantities (susceptibilities, dynamical structure factors, NMR relaxation rates, etc) in the TLL phase [24] .
In all the calculations of this subsection, we assumed that the three systemsĤ[φ], H[ξ 3 ], andĤ[η − ] are independent of each other. Although small interactions among these systems would actually be present, it is expected that their effects in the lowenergy, long-distance physics are almost negligible and could be absorbed into some parameters such as K, v (0) , m, etc.
Some applications of the field-theory representation of spin operators
In this section, utilizing the derived formulas (51) and (64), we discuss some topics for the low-energy physics in/around the uniform-field-induced TLL phase.
String order parameter
As a quantity characterizing the Haldane phase (H < m), there is the nonlocal string order parameter which can detect the so-called "hidden AF long-range order" in the phase [60, 61, 8] . It is defined by
In the continuous-field-theory framework, we can predict [41, 40] that the string parameter is approximated as follows:
where x i = ia 0 and x j = ja 0 . Actually, the right-hand side is a finite, non-zero value in the Haldane phase where µ α = 0. From the formula (A.6), the z component of the string parameter is rewritten as
In the field-induced TLL phase (H > m), the vertex operator exp(±i √ πΦ) is represented by using fields (φ, θ, η − ) [see Eqs. (63b) and (64a)]. Hence, it is predicted that in the TLL phase, O z (i, j) behaves as
Namely, O z (i, j) is shown to exhibit power decay in the TLL phase.
SU(2)-invariant perturbations
In Secs. 5.2-5.4, we investigate typical perturbations for the critical TLL state. In particular, we focus on whether or not the perturbation terms yield a first excitation gap, and the symmetries of them.
In this subsection, we discuss two terms: the bond alternation j (−1)
(|δ| ≪ 1) and the next-nearest-neighbor (NNN) exchange j J 2 S j · S j+2 (|J 2 | ≪ J), which are invariant under the global SU(2) transformation. Because a global U(1) symmetry, a part of the SU(2) one, is usually necessary for the realization of the TLL i.e., a c = 1 CFT [1, 2, 4, 8] , and (as we mentioned in Sec. 4.3) it prohibits all vertex operators with the dual field θ(x) from emerging in the effective Hamiltonian, we expect, without any calculations, that the TLL phase survives even when these perturbations are applied. Let us consider the two terms below in more detail. From the continuous-field formula (7), we can expect that the bond alternation term is approximated as
Let us substitute the formulas (51) and (64) into the above result, although such a procedure sometimes causes mistakes (see the comment [55]). As a result, we obtain
where λ (′) n and α (′) n are nonuniversal constants. Here, we used (σ 3 (x)) 2 ∼ const, and the operator product expansion (OPE) , 4, 62] , and then integrated out all the massive-field parts in the partition function (see the comment [53] ). In order to more restrict the form of Eq. (78), we utilize the symmetry argument. For the one-site translation and the site-parity operation, the bond alternation term changes its sign. Its bosonized form should also have the same property; namely, we require the right-hand side in Eq. (78) to change the sign for φ(x) → φ(x + a 0 ) − √ πM and φ(x) → −φ(−x) [see Eq. (70)]. Consequently, we set λ ′ n = 0 and α n = π/2. The resultant form of Eq. (78) is
This bosonized form indicates that in general, the bond alternation is irrelevant in the TLL phase due to the staggered factor (−1) j and the phase 2nπM j. However, when M = 1/2 (half of the saturation), a relevant interaction sin( √ 4πφ) originates from the n = 1 term in Eq. (79) because of the cancellation of two factors (−1) j and 2πM j. The scaling dimension ∆ s of sin( √ 4πφ) is K (1 ≤ K < 1.5 [25] ). At this case of M = 1/2, the low-energy physics may be described by a sine-Gordon theory, and an infinitesimal bond alternation induces a finite excitation gap and a finite dimerization parameter S 2n · S 2n+1 − S 2n+1 · S 2n+2 . The existence of the gap further means that the bond alternation brings an M = 1/2 plateau in the uniform magnetization process. The scaling argument near a criticality [63] shows that the bond-alternation-induced gap ∆ δ and dimerization parameter respectively behave as
for a small |δ|. Because of the inequality 1/(2 − K) > 1, the gap gradually grows with increasing |δ|. These predictions for the (small) bond alternation are consistent with previous numerical [64] and analytical [65] works. Next, let us tern to the NNN coupling (J 2 ) term. Through an argument similar to that above, we arrive in the following result:
whereλ n is a nonuniversal constant. We used the symmetry argument: the right-hand side in Eq. (81) is invariant under φ(x) → φ(x+a 0 )− √ πM and φ(x) → −φ(−x). Since the bosonized NNN coupling does not contain any relevant operators for arbitrary magnetization values, we conclude that the TLL phase remains even when a sufficiently small NNN exchange perturbation is introduced. The derivative term ∂ x φ is absorbed into the Gaussian part via φ → φ − constJ 2 × x and provides a small correction of the magnetization M . While the boson quadratic term (∂ x φ) 2 makes the velocity v and
Axial-symmetry-breaking terms
Here, we discuss three axial-symmetry-breaking terms: the D term with the x component of spin D x j (S x j ) 2 , another kind of the single-ion anisotropy (so-called E
, and the staggered-field term along the spin x axis −h x j (−1) j S x j (|D x |, |E|, |h x | ≪ J). Since the three terms destroy the axial U(1) symmetry (θ → θ − γ/ √ π), vertex operators with θ(x) are allowed to be present in the effective Hamiltonian. It is inferred that such vertex operators cause an instability of the TLL state, and then a finite excitation gap occurs. Here, note that the D x and E terms are invariant under the π rotation S [20] , whereas the h x term obtains a minus sign via the same rotation. Furthermore, the π/2 rotation leaves the E term change the sign.
Through some calculations, the three perturbation terms are bosonized as
n , e n and x n are nonuniversal constants. (Since the bosonized form of the anisotropic exchange J∆ x j S x j S x j+1 is the same type as Eq. (84a), we do not discuss it here.) One should note the following properties: (i) cos(
) and cos(4 √ πθ) → cos(4 √ πθ) for the π rotation, and (ii) cos( √ 4πθ) → − cos( √ 4πθ) for the π/2 rotation. The most relevant operator in both D x and E terms is always cos( √ 4πθ) with ∆ s = 1/K < 2. Thus, the low-energy properties can be explained by a sineGordon model, and a gap emerges. Supposing d (1) 0 and e 0 are positive, the potential cos( √ 4πθ) pins the phase field θ to ± √ π/2 (0 or
, it is expected that S 
Of course, for a small E term, the similar results hold: we may replace D x to E in Eq. (85). The staggered moment (i.e., a Néel order) along the spin x or y axis shows that the D x (or E) term causes the spontaneous breakdown of the one-site translational symmetry. Because of K/(2K − 1) < 1 and 1/(8K − 4) < 1, the D xor E-term-induced gap and the transverse moment S
x,y j rapidly increases with the growth of |D x | or |E|.
The staggered-field h x term contains the relevant term cos( √ πθ) with ∆ s = 1/(4K) < 2. Therefore, the h x -induced gap ∆ hx and the staggered magnetization are shown to behave as
For the spin-1/2 AF Heisenberg chain, which low-energy sector is also described by a TLL theory (see Introduction), a staggered field also yields a gap and a staggered moment. Oshikawa and Affleck [66] show that in the spin-1/2 case, ∆ hx ∼ |h x | 2/3 and S
The result (86) thus indicates that the growth of both the gap and the staggered moment in the spin-1 case is much sharper than that in the spin-1/2 case.
Magnon decay induced by axial-symmetry-breaking terms
In this subsection, we briefly mention the magnon-decay processes, which have already in some detail discussed in Ref. [20] . In order to consider such processes, let us go back to the effective Hamiltonian (36), whereη + ,η † 0 andη † − respectively denote the S z = +1, 0 and −1 magnon creation operators. The marginally irrelevant λ term, omitted in Eq. (36) , just contribute to the magnon decay.
First, we focus on the U(1)-symmetric AF chain (4) without any perturbations. Since the one-magnon excitations are present only around p = π/a 0 , only the decay from a magnon to an odd number of magnons is possible. If H is increased so that 3ǫ On the other hand, when a U(1)-symmetry-breaking term is introduced, there is a possibility that the above decay processes are allowed. In the case with the D x or E terms, the π-rotation symmetry (S + j → −S + j : γ = π), a part of the U(1) rotation, survives. For this rotation,η − andη +η+η+ are odd, whereasη 0 is even. Furthermore, from Eqs. (38) and (39), we find that for example a sum of four terms "η − (k 1 )η + (k 2 )η + (−k 1 )η + (−k 2 ) − (k 1,2 → −k 1,2 ) + h.c" is invariant under both the one-site translation and the site-parity operation. (Because the site-parity operation (39) is the result of the approximation, the requirement of the invariance under this transformation might be too strong.) As a result, the processη † − →η +η+η+ is permissible. It is hence inferred that as sufficiently strong D x or E terms are present in the system,η † − magnons become ill-defined particles, and we should eliminate the magnon fields from the Hamiltonian (41) and the field-theory formulas of the spin, Eqs. (51) and (64) . In the case with the h x staggered-field term, symmetries of the π rotation and the one-site translation are also broken (the two-site translational symmetry remains). Therefore, the magnon decay would be more promoted. When H is further increased and theη + -magnon condensation occurs (H > m), other types of the magnon decay are energetically admitted: for instance,η † − →η † 0η † 0η +η+η+ . From the simple discussion above, one sees that as H is sufficiently strong, a large axial-symmetry-breaking perturbation tends to make the lifetime of massive magnons shorten. However, if such a perturbation is small enough, our effective theory framework would still be reliable and have the ability to explain various low-energy properties of spin-1 AF chains.
Summary
In this paper, based on the Majorana fermion theory, we have reconsidered the field theory description of the spin-1 AF chain (4), and derived an explicit field-theory form of spin operators in the uniform-field-driven TLL phase in the chain (4), i.e., Eqs. (51) and (64) [the corresponding effective Hamiltonian is Eqs. (41) and (42)]. From the formula, we have completely determined the asymptotic forms of spin correlation functions (Sec. 4.4). Furthermore, applying the formula, we have investigated the string order parameter and effects of some perturbation terms (the bond alternation, the next-nearest interaction, anisotropy terms) in Sec. 5. We have estimated the excitation gaps and some physical quantities (staggered moments and the dimerization parameter) generated from the perturbations. From Sec. 2 to Sec. 5, we have often argued how symmetries of the spin-1 AF chain are represented in the effective field theory world.
Our results, especially Eqs. (51) and (64), must be useful in analyzing and understanding various spin-1 AF chains with magnons condensed (i.e., with a finite magnetization) and the extended models of them (e.g., spin-1 AF ladders, spatially anisotropic 2D or 3D spin-1 AF systems). The results of Sec. 5 guarantee this expectation. We will apply the contents of this paper to other spin-1 AF systems in the near future.
Determining nonuniversal coefficients in Eqs. (51), (64) and (69), especially those in front of terms including only massless bosons, is important for more quantitative predictions of (quasi) 1D spin-1 systems. A powerful way of the determination is to accurately evaluate the long-distance behavior of spin correlation functions by means of a numerical method such as DMRG and QMC [10] .
Appendix A. Abelian bosonization for fermion systems
Here, we briefly summarize the Abelian bosonization. As mentioned in Sec. 2, in (1+1)D case, a massless Dirac (complex) fermion or two species of massless Majorana (real) fermions (critical Ising models) are equivalent to a massless bosonic Gaussian theory. The former Hamiltonian is written aŝ
where ψ ν and ξ q ν are respectively the chiral components of the Dirac fermion and the real one, and c is the Fermi velocity. These fermions obey anticommutation relations: {ξ
. The corresponding Hamiltonian of the Gaussian theory iŝ
where φ = φ L + φ R is the real scalar field, θ = φ L − φ R is the dual field of φ, and φ L(R) is the left (right) moving part of φ. The fields φ and θ satisfy the
. In condensed-matter physics, the Hamiltonian (A.1) usually originates from a microscopic system in solids (e.g., a lattice system such as the Hubbard chain and the Heisenberg one) after a coarse-graining or a renormalization procedure.
Among these fermion and boson fields, operator identities hold. The fermion annihilation (or creation) operators are bosonized as
where κ L,R are Klein factors which satisfy {κ ν , κ ν ′ } = 2δ ν,ν ′ , and are necessary for the boson vertex (exponential) operators to reproduce the correct anticommutation relation between ψ L and ψ R . The parameter α is a short-distance cut off, which depends on details of the microscopic model considered. (Note that it is possible to construct another formula without Klein factors, although it requires a modification of commutation relations among bosons. See Refs. [67, 68] .) Following Haldane's harmonic-fluid approach [69, 3, 10] , one can obtain an alternative bosonized form of ψ L and ψ R : when a real-space fermion field ψ(x) in the considering microscopic system is approximated as ψ ∼ e ikF x ψ R + e −ikF x ψ L , one may bosonize ψ L,R as and J R =: ψ † R ψ R : are written as
In addition to the correspondences between the fermion and the boson, it is known [1, 4, 28, 29, 62, 70] that the Ising order and disorder fields σ ν and µ ν can be bosonized as [71] σ 1 σ 2 ∼ sin( √ πφ), µ 1 µ 2 ∼ cos( √ πφ),
Following these Abelian bosonization rules, one can bosonize 1D interacting Dirac fermion systems as well as the free massless fermion (A.1). If the interaction terms are all irrelevant in the sense of the renormalization group, the effective Hamiltonian at the low-energy limit is still a Gaussian type with the velocity c and coefficients of (∂ x φ) 2 and (∂ x θ) 2 renormalized. Conventionally [3] , the resultant Hamiltonian is written asĤ
where c ′ is the renormalized velocity, and g is called the TLL parameter (the Hamiltonian (A.2) corresponds to a g = 1 theory). When a system is reduced to this type at the low-energy limit, we say that the system belongs to the TLL universality [69, 1, 2, 3] . The Gaussian theory [1, 2, 3, 4, 8] yields where q and q ′ are an integer (note the comment [50] ). This result shows that the scaling dimensions of ∂ x φ, e iq √ πφ and e iq √ πθ are respectively 1, q 2 g/4 and q 2 /(4g).
Appendix B. Correlation functions of massive fermion theories
In this Appendix, we evaluate correlation functions of two massive fermion systems, where α is the short-distance cut off. In addition to these results, one can of course compute any correlation functions of the systems (B.1) and (B.2), using Wick's theorem, etc.
Appendix C. Symmetries of the spin-1/2 XXZ chain
The spin-1/2 XXZ chain (1) has the same global symmetries as those of the spin-1 AF chain (4): the U(1) rotation around the spin z axis, the one-site translation, and the site-parity transformation. In the Abelian bosonization framework (see Eqs. (2) and (3)), these three symmetries could be realized by the following transformations of boson fieldsφ andθ [7, 72] .
(i) The U(1) rotation S 
